We show that the recently found quartic action for the scalars from the massless graviton multiplet of type IIB supergravity compactified on an AdS 5 ϫS 5 background coincides with the relevant part of the action of the gauged Nϭ8 5D supergravity on AdS 5 . We then use this action to compute the four-point function of the lowest weight chiral primary operators tr ( (i j) ) in Nϭ4 four-dimensional SYM theory at large N and at strong 't Hooft coupling.
I. INTRODUCTION
The AdS/conformal field theory ͑CFT͒ duality ͓1-3͔ provides a remarkable way to approach the problem of studying correlation functions in certain conformal field theories. For Nϭ4 supersymmetric Yang-Mills theory in four dimensions (SYM 4 ) this duality allows one to find the generating functional of Green functions of some composite gauge invariant operators at large N and at strong 't Hooft coupling by computing the on-shell value of the type IIB supergravity action on an AdS 5 ϫS 5 background ͓2,3͔. Thus, the knowledge of type IIB supergravity action up to nth order in perturbation of fields near their background values is a necessary starting point for computing n-point correlation functions of corresponding operators in SYM 4 theory. At present the quadratic ͓4͔ and cubic ͓5-7͔ actions for physical fields of type IIB supergravity are available that allows one to determine normalizations for many two-and three-point functions.
With four-point functions the situation is much more involved ͓8-24͔. So far the only known examples here are the four-point functions of operators tr( F 2 ϩ•••) and tr( FF ϩ•••) ͓8,16͔ that on the gravity side correspond to massless modes of dilaton and axion fields, where the relevant part of the gravity action was known. These operators are rather complicated; in particular, in the representation of the supersymmetry algebra they appear as descendents of the primary operators O 2 I ϭ tr ( (i j) ), where i are Yang-Mills scalars transforming in the fundamental representation of the R-symmetry group SO͑6͒. The descendent nature of these operators brings considerable complications both in perturbative analysis of the correlation functions, and in study of their operator product expansion ͑OPE͒ from AdS gravity ͓21͔.
More generally in Nϭ4 SYM 4 there are chiral multiplets generated by ͑single-trace͒ chiral primary operators ͑CPO͒:
, transforming in the k-traceless symmetric representation of SO͑6͒. Eight from sixteen supercharges annihilate O k I while the other eight generate, under supersymmetry transformations, the chiral multiplets. A fundamental property of CPOs is that they have conformal dimensions protected against quantum corrections. Thus, they may be viewed as BPS states preserving 1/2 of the supersymmetry. In particular, the lowest component CPOs O 2 I comprise together with their descendents a multiplet containing the stress-energy tensor and the R-symmetry current.
Recently we have found the quartic effective fivedimensional ͑5D͒ action for scalar fields s I that correspond at linear order to chiral primary operators O I ͓25͔. We have also shown that the found action admits a consistent KaluzaKlein ͑KK͒ truncation to fields from the massless graviton multiplet. This multiplet represents a field content of the gauged Nϭ8, dϭ5 supergravity ͓26-28͔ and by the AdS-CFT correspondence it is dual to the Yang-Mills stressenergy multiplet.
Clearly, these results provide a possibility to find fourpoint functions of any CPOs 1 in supergravity approximation. In this paper as the first step in this direction we compute the simplest four-point correlation functions for all lowest weight CPOs O 2 I . Hopefully, this will further extend our understanding of the OPE in Nϭ4 SYM 4 at strong coupling. The detailed study of the OPE of two lowest weight CPOs will be the subject of a separate paper.
We start by showing that the quartic action ͓25͔ found by compactifying IIB supergravity on the AdS 5 ϫS 5 with the further reduction to the massless multiplet coincides after *On leave of absence from Steklov Mathematical Institute, some additional field redefinitions with relevant part of the action for the gauged Nϭ8 five-dimensional supergravity on AdS 5 . This fact together with consistency of the KK reduction demonstrates, in particular, that within the supergravity approach, four-point correlation functions for fields from the YM stress-energy multiplet are completely determined by the 5D gauged supergravity, i.e., they do not receive any contributions from higher KK modes.
The gauged Nϭ8 five-dimensional supergravity has 42 scalars with 20 of them forming a singlet of the global invariance group SL(2,R). These 20 scalars s I comprise the 20 irrep. of SO͑6͒ and correspond to CPOs O I ϭC i j I tr ( i j ), where C i j I is a traceless symmetric tensor of SO͑6͒. As we will see the only fields that appear in Feynman exchange diagrams describing the contribution to the four-point function of O I are the scalars s I , the graviton and the massless vector fields. There are also contributions of contact diagrams corresponding to quartic couplings of s I with two derivatives and without derivatives.
The paper is organized as follows. In Sec. II we summarize the results of the KK reduction obtained in Ref. ͓25͔ and put the action in a form suitable for comparison with the action of gauged 5D supergravity. In Sec. III we employ an explicit parametrization for the coset space SL(6,R)/SO(6) to write down the relevant part of the action for gauged 5D supergravity. We then decompose this action near AdS 5 background solution and after an additional field redefinition find an exact agreement with the action obtained by the KK reduction. Finally in Sec. III we combine our knowledge of the action with the technique ͓16͔ of computing exchange Feynman diagrams over the AdS space and give an answer for the four-point function of lowest weight CPOs in terms of universal D-functions. Some technical details are relegated to two Appendixes.
II. RESULTS OF THE REDUCTION
As was discussed in the Introduction, the computation of a four-point function of arbitrary CPOs requires the construction of the effective 5D gravity action with all cubic terms involving two fields s I and with all s I -dependent quartic terms, the problem that has been completely solved in Ref. ͓25͔ . For the simplest case of lowest weight CPOs the corresponding gravity fields are 20 scalars s I with the lowest AdS mass m 2 ϭϪ4 and they are in the massless graviton multiplet. If we restrict our attention to these fields s I then the relevant part of the action may be written in the form ͓25͔
where g a denotes the determinant of the AdS metric with the signature (Ϫ1,1, . . . ,1)
The quadratic actions for the scalars s I , the graviton and the massless vector fields on the AdS space are given by ͓4͔ 
͑2.10͒
where the shorthand notation
for the trace product of four matrices C I was introduced. By using this formula, the two-derivative Lagrangian may be reduced to the following form:
From the cubic couplings one can see that except the selfinteraction, the scalars from the massless multiplet interact only via exchange by the massless graviton and by the massless vector fields A I . Introduce a concise notation
where the subscript in L red is to remind the reader that action S is obtained by dimensional reduction, and we have emphasized the five-dimensional gravitational coupling 2 5 2 ϭ8 2 /N 2 . Substituting in Eqs. ͑2.5͒-͑2.7͒ explicit values ͑A1͒ of a I 1 I 2 I 3 and t I 1 I 2 I 3 , using for L 4 (0) summation formula ͑2.10͒, and rescaling the fields as
we get the Lagrangian
that will be used in Sec. IV to compute the four-point functions of the lowest weight CPOs.
Finally we put this Lagrangian in the form most suitable for comparison with the relevant part of the action of the gauged Nϭ8 5D supergravity. Introducing the matrices
where C i j I and C i; j I are described in the Appendix A, one obtains
where tr F F ϭϪF i j F i j and normalization condition ͑A2͒ was used.
III. LAGRANGIAN OF GAUGED 5D SUPERGRAVITY
Gauged Nϭ8 five-dimensional supergravity was constructed in Refs. ͓26,27͔ by gauging Abelian vector fields of the Nϭ8 Poincaré supergravity. The gauged theory has a local non-Abelian SO͑6͒ symmetry, a local composite USp͑8͒ symmetry and a global SL(2,R) symmetry. The bosonic field content is given by graviton, 15 real vector fields A i j , i, jϭ1, . . . ,6 transforming in the adjoint representation of SO͑6͒, 12 antisymmetric tensors of the second rank, and by 42 scalars that in the ungauged theory parametrize the noncompact manifold E 6(6) /USp(8). In what follows we adopt the conventions of Ref.
͓28͔.
Let A,B, . . . ϭ1, . . . ,8 be the indices of the representation 27 of E 6(6) and a,b, . . . be USp͑8͒ indices that are raised and lowered with the symplectic metric ⍀ ab . Explic-itly, an element of E 6(6) /USp(8) can be described by the scalar vielbein V AB ab which is 27ϫ27. In the gauged theory minimal couplings of the connection A i j responsible for the local SO͑6͒ symmetry are introduced to all the fields transforming linearly under SO͑6͒. The transformation properties of the fields under SO͑6͒ are then uniquely specified by the embedding of SO͑6͒ into the group SL(6,R), the latter being a subgroup of E 6(6) . Recall that under the subgroup SL(6,R)ϫSL(2,R) the representation 27 of E 6(6) is decomposed as 27ϭ(15,1)ϩ(6,2). The components of the vielbein are then denoted as V i j ab and V i␣ ab , where i, jϭ1, . . . ,6 are SL(6,R) and ␣ϭ1,2 are SL(2,R) indices.
The relevant bosonic part 3 of the Lagrangian of the gauged 5D gravity is of the form
Here F ;i j is a SO͑6͒-covariant Yang-Mills field strength, P is a scalar potential and the tensor P abcd is given by
and it represents a coset element in the decomposition of the E 6(6) Lie algebra into an USp͑8͒ and a coset part. In particu-
cd is an USp͑8͒-connection responsible for the local USp͑8͒ symmetry. Recall that USp͑8͒-connection B k is nondynamical since it does not have a kinetic term. Therefore, it can be excluded by using its equation of motion as in fact is done below. The dimension of USp͑8͒ is 36 and T k is a basis of the 27 irrep. of the USp͑8͒ Lie algebra, g is the Yang-Mills coupling constant.
Equation ͑3.1͒ is our starting point to find the action for scalars s I on the AdS 5 background. Since the potential for s I was already found in studying the critical points the only missing piece is an explicit construction of the kinetic term.
To build the kinetic term we need an explicit parametrization of the scalar vielbein in terms of 20 scalar fields that are neutral under SL(2,R). We then employ the parametrization of Ref. ͓28͔, in which 42 scalars are represented by two real symmetric traceless matrices ⌳ i j and ⌳ ␣ ␤ , ␣,␤ ϭ1,2 and by a real completely antisymmetric in i, j, k tensor i jk␣ obeying the self-duality condition
Since only ⌳ is a singlet under SL(2,R) in what follows we put ⌳ ␣ ␤ and i jk␣ to zero. Turning off these fields is allowed in our specific problem of constructing the action for s I because the existence of the cubic terms containing two SL(2,R) singlets s I and one doublet field is forbidden by the SL(2,R) symmetry. In fact, from the point of view of the dimensional reduction of type IIB supergravity matrix ⌳ ␣ ␤ describes zero modes of axion and dilaton fields while i jk␣ encodes the scalars arising from the reduction of the antisymmetric tensor fields.
With this parametrization at hand we get the following expression for the vielbein V AB ab in the SL(6,R)ϫSL(2,R) basis
where ⌫ are SO͑6͒ ⌫ matrices ͑see Appendix A͒ and S is given by Sϭe ⌳ with ⌳ being the traceless symmetric 6ϫ6 matrix comprising 20 scalars.
It is convenient to introduce a matrix R :
Since ⌳ is traceless and A i j is antisymmetric this matrix appears to be traceless: R i i ϭ0. The scalar kinetic part of Lagrangian ͑3.1͒ in parametrization ͑3.2͒ is then computed in Appendix A and the result looks similar to
Substituting the potential found in Ref. ͓28͔, we get the final answer for the Lagrangian ͑for simplicity we omit for the moment the gravity and the gauge terms͒:
͑3.4͒
Scalar fields ⌳ i j transform in the 20 of SO͑6͒. We are interested in the maximally supersymmetric vacuum with only nontrivial bosonic fields, which implies that the background solution is invariant under SO͑6͒. Thus, at the SO͑6͒ invariant critical point P 0 of the potential the scalar fields should acquire some expectation values that are invariant under SO͑6͒. Clearly, the only possibility for that is to take ⌳ i j ϭ0, i.e., to put S to be the unit matrix. The value of the potential is then P 0 ϭϪ 3 4 g 2 that leads to the equation of motion 3 We put all antisymmetric fields to zero, and changed the overall normalization of the Lagrangian in comparison to Ref. We find up to the cubic order
By using these formulas, one then gets
͑3.5͒
The terms quadratic in ⌳ cancelled and, therefore, the action does not contain cubic in ⌳ terms with two derivatives. Analogously, for the potential we find
To compare action ͑3.1͒ with the one from the previous section we have to fix the coupling constant g. It is fixed to be g 2 ϭ4 by the requirement to have the vacuum solution defined by the equation R ϭϪ4g . Namely this background solution was used to obtain the action ͑2.14͒ by compactifying ten-dimensional type IIB supergravity.
Thus, for Eq. ͑3.4͒ up to the fourth order in ⌳ we get
It is then useful to perform the following field redefinition: Thus, we have shown that the action for the scalars s I obtained by compactification of type IIB supergravity on AdS 5 ϫS 5 with further reduction to the fields from the massless graviton multiplet coincides with the relevant part of the action of the gauged Nϭ8 five-dimensional supergravity on AdS 5 background.
IV. FOUR-POINT FUNCTION OF LOWEST WEIGHT CPOS
The normalized lowest weight CPOs in Nϭ4 SYM 4 theory are operators of the form
By using the following propagator
, where a,b are color indices and x i j ϭx ជ i Ϫx ជ j , one finds in the free approximation and at leading order in 1/N the following expressions for two-, three-͓5͔, and four-point functions of O I : 
͑4.2͒
It is convenient to introduce the following currents: ͑3͒ For the graviton :
͑4.5͒
where W is the Ricci operator
Introduce the scalar G ͓30͔, the vector G and the graviton G ͓15͔ propagators
being the functions of the invariant AdS-distance u:
We represent the solution to the equations of motion in the form 
where the right-hand side ͑RHS͒ depends only on s 0 , A 0 , and 0 and from now on we omit the superscript 0 unless we want to indicate explicitly that we deal with solutions of the linearized equations of motion.
It is worth noting that not only the interaction terms but also the quadratic action L quad gives a contribution to the on-shell value of action ͑2.13͒ depending quartically on s 0 :
Taking into account the summation formula
that follows from Eq. ͑A4͒ and using Eq. ͑4.3͒ we arrive at the following expression for the on-shell value of ͑4.2͒:
In the language of the Feynman diagrams the first three terms here involving z integrals describe the exchange by the gauge boson, by the graviton and by the scalar fields, respectively. The other contributions correspond to contact diagrams. z integrals are easily computed by the technique of Ref.
͓17͔ and in the Appendix B we list the corresponding results. It is worthwhile to note that since we compute the on-shell value of the gravity action, we take into account only the connected AdS graphs.
Recall that the solution of the Dirichlet boundary problem for the scalar field s I of mass m 2 ϭϪ4 on AdS 5 reads
where s I (x ជ ) is a boundary value and
With this normalization of the bulk-to-boundary propagator the two-point function of corresponding boundary operators appears to be finite in the limit when the AdS cutoff tends to zero ͑see Appendix B for details͒. Introducing the notation
and using identities for D functions ͑see Appendix B͒ we find the following on-shell value for Eq. ͑2.13͒: 
͑4.10͒
where
under the integral represents the contribution of the s-channel since it possesses the s-channel symmetries 1↔2, 3↔4, and (12)↔(34). In the expression for the four-point function the t-channel contribution is obtained from this one by the interchange 1↔4 and the u-channel one by 1↔3. Taking into account the normalization of the quadratic part of Eq. ͑4.2͒ and formula ͑B3͒ from the Appendix B, we get the two-point function of unnormalized CPOs O I :
͑4.11͒
Introducing then the normalized CPOs as
/N…O I , we obtain from Eq. ͑4.10͒ the following four-point function of the normalized CPOs: 
If we introduce a basis C i j I in the space of symmetric traceless second rank tensors of SO͑6͒ and a basis C i; j I in the space of antisymmetric tensors with normalization conditions
then the tensors C I 1 I 2 I 3 and T I 1 I 2 I 3 are given by
where we have written tensor T I 1 I 2 I 3 to be explicitly antisymmetric in indices I 1 ,I 2 .
One can easily establish the following summation formula
that steams from the fact that the LHS of the expression above is a fourth rank tensor of SO͑6͒, symmetric and traceless both in (i j) and (kl) indices with the normalization condition C i j I C i j I ϭ20. Analogously one finds
since this time the LHS of ͑A4͒ is a traceless and antisymmetric in m,l and in n,s indices fourth rank tensor of SO͑6͒ that agrees with the normalization ͑A2͒.
Some properties of SO"6… ⌫ matrices
In studying the action of the gauged supergravity, we need an identity that follows from the completeness condition for SO͑6͒ ⌫ matrices and may be found in Refs. ͓26-28͔. To make the treatment self-contained we recall its derivation here.
Consider the Clifford algebra in dϭ6 Euclidean dimensions
The ⌫ matrices can be represented by Hermitian skewsymmetric 8ϫ8 matrices (⌫ i ) a b . Indices a,bϭ1, . . . ,8 are raised or lowered by the symmetric charge conjugation matrix C ab that in the chosen representation coincides with ␦ ab .
Thus, we do not distinguish the upper and lower indices.
Clearly, the matrices
are skew symmetric. Their number is 6ϩ6ϩ15ϩ1ϭ28 and it coincides with a total number 8ϫ7/2ϭ28 of independent skew-symmetric matrices among all 8ϫ8 matrices. Therefore, any skew-symmetric matrix A ab can be decomposed over the basis ͑A5͒:
͑A6͒
Here in the third term we assume the summation over the whole set of indices-not just over iϽ j. We also use the convention that ␣ 3 i j ϭϪ␣ 3 ji . The coefficients are easy to compute
Substituting these coefficients back in ͑A6͒, and using the fact that Eq. ͑A6͒ should hold for any skew-symmetric matrix A ab , we find an identity:
the term with ␣ 4 was written in the LHS. If one introduces the symplectic metric ⍀ ab ϭϪi(⌫ 0 ) ab ϭϪ⍀ ab and matrices ⌫ i␣ ϭ(⌫ i ,i⌫ i ⌫ 0 ) for ␣ϭ1,2 then the last indentity reads as follows ͓26-28͔:
Here in the LHS we have written some indices up since the RHS represents now a tensor of USp͑8͒. It is as well to note that except the symmetric charge conjugation matrix that is just the unit matrix one can also raise and lower indices with the USp͑8͒ metric ⍀ ab . We also summarize the trace formulas needed in the paper
͑A10͒
Note that matrices ⌫ i are Hermitian while ⌫ 0 , ⌫ i j , and i⌫ i ⌫ 0 are anti-Hermitian. It follows from here that ⌫ i j and i⌫ i ⌫ 0 are real.
Scalar kinetic part of the Lagrangian of the gauged 5D supergravity
By using ͑A7͒, one can check the following relation:
that is an USp͑8͒ analogue of VV Ϫ1 ϭI. The properties of the ⌫ matrices, in particular, ͑A8͒ imply the further relations In the SL(6,R)ϫSL(2,R) basis the element P ab cd is given by Substitution of the explicit expressions ͑3.2͒ yields
͑A14͒
where on the RHS the expression for the matrix R defined by Eq. ͑3.3͒ appeared.
It is useful to note the following summation formula for ⌫ matrices:
Upon substituting this in ͑A14͒, the term with ␦ i j vanishes due to the tracelessness of R . Thus, we finally get
It is easy to see that Q a b is an antihermitian matrix indeed being an element of Usp͑8͒ Lie algebra, i.e., obeying the condition
For the element P ab cd we, therefore, get
Since tensor P ab cd is completely fixed by the condition of the vanishing trace one now can check that ͑A16͒ is indeed an element orthogonal to USp͑8͒ part of the Lie algebra of E 6(6) with respect to to the Killing metric. Orthogonality means the following relation:
where U cd ab ϭQ [c
b] is an element of the USp͑8͒ Lie algebra. Formula ͑A17͒ then easily follows from Eqs. ͑A8͒, ͑A9͒ and the relation
We also need ( P ) 
